Concepts and Formulas
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Combinatorics:
!
o faktorials o0=1, nl=n-(n—-1)----- 3-2-1 e binomial coefficients (Z) = m
e combination - un-ordsered k-tuple (sets) of n elements - without repetition Cr(n) = <Z>
k-1
- with repetition Ci(n) = (n + B )
|

e permutation - ordered k-tuple of n elements - without repetition Vi(n) = ( n. Al

n—k)!

- with repetition Vi(n) = n*

e permutation - ordered k-tuple of %k elements without repetition P(k)=k!

- ordered k-tuple of k elements, where k1, ko, . . ., k- elements are not distinct, k1 +ko+---+k,. = k

(k1 + ka4 -+ k)

P(k17k27"'5k7“):

kil kol k)
Vi(n) = Cr(n) - P(k)
Probability:

e random trial ......... trial (process, activity...), in which an occurrance is (= we are not able anticipate
uniquely determined result)

possible results are collected in set Q (Gplny a bezesporny systém)
e random event .......... subset of Q (corresponding to statement V' about result of random trial), A C Q
A=1V]
e probability .......... assign to a random event A a number P(A) besides 0 and 1, expressing how much or
how less we expect the occurrance of an event A

Q#£0

S system of subsets (2 - o—algebra
P : § — R probability measure

roperties:
b I11-’((7]) =0, PQ) =1 PAQ\A)=1-P(A)
P(AUB)=P(A)+ P(B)— P(ANB)
P(AUBUC)=P(A)+ P(B)+ P(C)—P(ANnB)—P(ANnC)-P(BNC)+P(ANBNCQC)
etc.
e independence of random events:

A, Bindependent ............ P(AnB)=P(A)- P(B)
A, B, C'independent ............ P(AnBNC)=P(A)-P(B)-P(C)
P(ANB)=P(A)-P(B) P(ANC)=P(A)-P(C) (BNC) (B)-P(C)
etc.
A, B distinguish ............ ANB=10
e conditional probability (for P(B) #0) ........... P(A/B) = P%(;)B)

e total probability theorem:

By, Ba, ... B, factorization Q, P(B1) #0,...P(B,) #0 —
= P(A)=P(A/By)- P(B1) + P(A/Bs) - P(Bs) + -+ + P(A/By) - P(Bn)



e Bayes’s theorem:

By, Bs,... B, factorization Q, P(By) #0,...P(B,) #0, P(A) #0 = P(Bn/A)= i(ﬁ{f;nf;;)é(f(%l)

(factorization Q ......... evens are pairwise distinguish and B; UBs U---U B, = Q)

Random variable:

e random variable .......... multivalent expression of properties concerning an object of random trial
X : (92,8) — R Borel-measurable mapping

e probability distribution of random variable X ......... assign P[X € I] to any Borel set I € R

¢ (cummulative) distribution function ........... F(a) = Fx(a) = P[X < a]

properties: F' monotnicaly increasing, continuous from left, F'(—oo) = 0, F(o0) =1

e discrete distribution (of a variable X) ............. given by means of values z; and corresponding
probabilities p, = P[X = x}], where >, pr =1

PXell= > p

expected value (mean) ......... EX = Zxk Dk

modus 7 ....... a number for which P[X = 2] > P[X = z] for all =

variance (disperse) ............. DX =E(X - EX)?) = Z(xk — EX)%.py
k

e continuous distribution (of a variable X) ................. given by a density function f (non-negative
measurable function), for which [ f(z)dz =1

P[XEI]:/If(x)da:

expected value (mean) .......... EX = xzf(x)dx
modus & ........ a number for which f(Z) > f(z) for all z
variance (disperse) .......... DX = BE(X —EX)?) = / (r — EX)*f(x) dx
(for both types of distribution)
p-kvantil ............. Zp = inf{x; F(z) > p}
median Z....... a number for which F(z7) < 1 < F(%)
e random vector ........ (X,Y):(9,5) — R x R Borel-measurable mapping
¢ probability distribution of random vector (X,Y) ........... assign P[(X,Y) € B] to aby Borelset B € RxR
e (joint) distribution function ........... F(a,b) = Fixy)(a,b) = P[X <a,Y <b
e marginal distribution function ........... Fx(a) = P[X <a] = F(a,00) Fy(a)=PlY <a] = F(c0,a)
e discrete distribution (of a vector (X,Y)) ......... given by means of values (zy,y;) and corresponding
(joint) probabilities py; = P[X = zx,y = yi], where Zk,lpk-,l =1
PV eB = S
k.l (zk,y)€EB
marginal probabilities ............ pe=PX=x;]=pi a=PX=y]=>,pu
covariance ........ CX = E(X — EX)(Y —EY)) =Y (2 — EX)(ys — EY) - p
k,l
e continuous distribution (of a vector (X,Y)) ........... given by a (joint) probability density f = f(x v,

(non-measurable function), for which [ [, 5 f(2,y)dedy =1

PI(X,Y) € B = / /B Fa,y) dedy



marginal density function ........ / faxwny(a,t)dt  fy(a) = / fix,yy(t,a)dt

covariance .......... CX,)Y)=E(X-EX)(Y-FEY)) = / (x — EX)(y— EY)f(x,y) dxdy
vector of expected values (means) and covariance matrix........... (EX EY ) (C’ (l))(Xy) c (g},}ﬂ)
correlation = M
.......... < Dy
e independence of random variables
X, Yindependet ...... [X € B1],[Y € Bs] independent for all Borel sets By and Bs
F(a,b) = Fx(a) - Fy(b) for all a and b

f(a,b) = fx(a)- fy(b) for all a and b (in case of continuous distribution)

Pk = Pk - q for all kand [ (in case of discrete distribution)
X, YVindependent — C(X,Y)=

similarly for random vectors (X1, Xo, ..., X,,)

Types of distributions:
e alternative A(p) 0<p<1
r9=0,z1=1 po=1-p pr=p
EX =p DX =p(1 -p)
(wheather we draw out black ball of N balls, Z black balls and N-Z white ones, p = %)
e hypergeometrical HG(N,Z,n) n<N, Z <N

(2) - (G25)

zr,=k=0,....n, k<Z n—-k<N-Z Dr = (N)
A A Z\ N-n

EX=n 2 DX =n-2.(1-2).
"N "N ( N) N-1

(a number of black balls when we draw out n balls without replacement from N balls, Z black balls and N-Z
white ones)

e binomial Bi(n,p) 0<p<1
n

EX =np DX =np(1-—p)
(a number of black balls when we draw out n balls with replacement from N balls, Z black balls and N-Z white
ones, p = %)
X1,..., X, ~ A(p) independent = X; +--- + X,, ~ Bi(n,p)
X ~ Bi(m,p),Y ~ Bi(n,p) independent = X +Y ~ Bi(m+n,p)
(similarly multinomial distribution)

e geometrical G(p) 0<p<1

ae=k=12... pe=p-1-pr?
1 1

EX == DX = —
D p

(order of the first ball when we step-by-step draw out balls wit replacement from N balls, Z black balls and N-Z
white ones, p = %, discrete failurerate, an order of the first impulse)

e Poisson Po(A) A >0
A AP

r,=k=0,1,2,... pL=¢€ o

EX =) DX =)\

(a number of random impulses in a given time)



X1, Xo, -~ Bi(n,pp)y, n-pn > A= X, = X ~ Po(}))

e exponential Ezp(A) A >0
e x>0 1—e @ x>0
= - F = -
/@) {0 z<0 (@) {0 z<0
1 1
EX = - DX = =
A A2
(a time to the first random impulse)

it holds P[X >a+b/X >a] =P[X >0b] for X ~ Exp(\) (no memory)

ogamaI‘n A>0
Az )\""!1 x>0
z <0
n
EX = — DX =
A A2

(a time to the n-th random impulse)

e normal N(u,0%) o >0

fla) = e
xTr) = e 20
V2ro
EX =p DX = ¢?

(limit distribution, see central limit theorem)
quantile u(p); P[X < u(p)] = p where X ~ N(0;1)

X ~N(p,0?) = a-X+b~N(a-pu+b,a®-0?)
X~ N(po?) = =L ~NO1)

X ~ N(u1,0%),Y ~ N(uz2,03) nezdvislé = X +Y ~ N(uy + p2,0% + 03)
X1,..., X, independent Xy ~ N(up,02) = >S,ar - Xp+b~ N, an-px+0b,Y a2 02)
for distribution function ® of distribution N(0,1) it holds ®(—z) + ®(z) = 1, for quantile u(p) = —u(l — p)

(similarly multi-dimensional normal distribution)

e Pearson chi-square x2
L s lem% x>0
fula) = § 270D
0 <0
EX =n DX =2n
quantile x7(p); P[X < x7(p)] = p, kde X ~ x3,

X1,..., X ~ N(0,1) independent = X7 +--- + X2 ~ x2,
X ~x2,,Y ~ x? independent = X +Y ~x2 .,

(for n = 2 Raileigh, pro n = 3 Maxwell distribution)
e Student ¢,

EX =0 DX = >
n—
quantile t,,(p); P[X < t,(p)] = p where X ~ t,,
X ~ N(0,1),Y ~ x2, independent = \/LY ~tm
for distribution function F' of distribution ¢, it holds F'(—z) =1 — F(x) for quantile t,,(p) = —t,(1 — p)

e Fisher - Snedecor F,, ,

r(mg m\ % .m_ m _m+tn
oy = TR () e (k)T w20
| 0 <0

2 —
n DX — 2n*(m+n—2)

EX:n—2  m(n—2)2(n —4)




quantile value F,, ,,(p); P[X < Fy, n(p)] = p where X ~ F,, ,,

X ~x2.,Y ~ x2 independent —> % ~ Fon
. . 1 n
for quantlle an(p) = m
Limit theorems:
e convergence X,, — X almost surely .... P[|X,, — X| - 0] =1
X, — X in probability .... foralle >0 P[|X,, — X|>¢ —0
X, — X in distribution .... Fx, () — Fx(z) in all continuity points of Fx
DX
e Tchebyshew inequality PlIX —EX[>¢ < —fore>0
€

¢ Weak Law of Large Numbers
X1, Xo, ... independent random variables, Vk EXy = a, DXj = b(< 00) =

1 n
== - Z X — a in probability
n
k=1
(Strong Law of Large Numbers concerns the convergence almost surely)

e Bernoulli theorem
X1, Xo,... independent random variables, Vk Xj ~ A(p), 0 <p<1 =

1
== — Z X — p in probability
"=

e Central Limit Theorem, Lindeberg - Lévy
X1, X5, ... independent random variables with the same distribution, Vk EXy = a, DX) = b(< 00) =

% Z Xk —a
— =l Y ~ N(0,1) v distribuci

ﬁ
e Moivre - Laplace theorem
X1, X, ... independent random variables, Vk Xj ~ A(p), 0 <p<1 =

Ly Xe—p
— k=L .y ~ N(0,1) in distribution
p(1=p)
Basic statistical tests:
e one-sample test (X; =a + ¢;)
Xi,...,X, ~ N(u,0?) independent
_ 1 _
e estimator pro X=—(X1+4+--+X,) XNN(;L,‘T—;)
1 - _
e estimator pro o2 S3 = i (X1 =X+ 4+ (Xn — X)?)
n—
X — X - S2
U=""F nN@©1) T=2ZEot =N@01) 0 V=2X 2
o2 S2 g
0 = et
DXk = X)? =30 (X = p)? =+ (X — p)?
- two-tailed test for p on level
Ho: = a rejected <= |U|>u(l—-%) a>2(1-®(|U|)) for known o
IT| > tn1(1—%) a>2(1-F(T])) for unknown ¢ and n small
IT| > u(l—-7%) a>2(1-9(T])) for unknown o and n large

- two-tailed confidence interval on level 1 — «

X+ Zul-3) Xis—ﬁtn,l(l—%) Xis—ﬁu(l—%)

- one-tailed test for p on level o
Ho: > arejected <= U<u(a) —-U>u(l-a) a>®U)=1-@(-U) for known o
T<th1(a) —T>tp—1(1—0a) a>F(T)=1-F(-T)



for unknown o and n small
T<ula) —-T>u(l-a) a>d(T)=1-o(-T)

for unknown o and n large
- one-tailed confidence interval on level 1 — «

(X - Zul—a)oo) (X -

S—\/’%tn_l(l — a);00) (X — Sx
Hy: p < arejected <— U>u(l-a)

Wu(l — a);00)

a>=1-®U) for known o
T>th-1(1—a) a>1—F(T) for unknown o and n small
T>u(l-—a) a>1—®(T) for unknown o and n large
- one-tailed confidence interval on level 1 — «

(—o0; X + %u(l —a)) (—o0; X + f/’itn 1(1 —a)) (—o0; X + S—\/’%u(l — )
- two-tailed test for o on level «
Hp: 0 = brejected <= V<2 _((§)orV>x2_(1-9%)
- one-tailed test for o on level o

Hy: 02 > brejected <= V <x2_(a) a>F(V)

Ho: 0% <brejected < V>x2_,(1-a)

X17

a>2F(V)ora>2(1—F(V))

., Xn ~ A(p) independent

e estimator for p X==(X1+ +X,) nX ~ Bi(n,p)
- two-tailed test for p on level «
=k = _k
Hy: p = a rejected <= X < “ or X > 2
n n
k a n n n— a
where 37,1, (7)a*(1 —a)" " < § ey (a1 —a)n < 5
X —
Ulzui-g) U :
a(l—a)
(paired test transformed into na one-sample test)

e two-sample test

Xi,..., X;m ~ N(p1,0?) independent, Y7,

,Y,, ~ N(u2,03) independent, both samples independent
— _ 2 2

X—Y ~N(m —M27(%+%))

foroi =09 =0

U:(X—Y)—(m—uz)

X-Y
~N(0,1) T=! ) —lm=pme) A NO)
o\t

Sy/m+1
FEp—

52
— ((m—1)S% + (n —1)5% Z =2 ~Fpin
m+n—2 ( X Y) 512/

- two-tailed tests on level «

Ho: py — pp = a rejected <= |T| > tyqn-1(1—-%) a>2(1—F(|T))) for 01 = 02

Hy: 01 = 09 rejected <= Z < Fp1,1(5)or Z > Fp1na(1—%) a > 2F(Z) or a >
2(1-F(2))

X,,.

ey Xm ~ A(pr), Y1,...,Y, ~ A(p2) independent
- two-tailed test for p on level

Hy: p1 —p2 = a rejected <= |U| > u(1 - %)

Aim)_(—kn}_/
Al (L 1 p= m-+n
p(L=5) (5 +7)

Analysis of variance (ANOVA):
e one factor ANOVA

X114y, X1.ny ~ N(u1,0%) independent 1 =a+ o
Xa,1,- s X2.n, ~ N(p2,0?) independent M2 =a+ ag
X1,y X1n, ~ N(us,0?) independent nr =a-+aj

samples independent, n1 +---+ny=n,a1+---+a;y =0



Ho:pp=po=-=proray=az=---=ay=0
(means)

1 - 1 = 1
== Xig Xi=— > Xpp,  X=-3 X
ni1 % n

(sums of squares)

St =2 (Xeg — X)? Jr=n-1 Sa g

SA—Ek(Xk—X) ‘N ~ fa=I1-1 FA:J;*: 32:f_€

Se =81 —Sa=>,(Xpa —Xp)?  fe=n—1 T e
Hyp: o =---=ar =0rejected <= Fa>Fy, ;.(1—a)

(Sheffé method) classes k, lare significantly different <= |X;,—X;| > \/(nk + n%) (I —1)s2Fy, 5.(1—a)

(Tukey method for ny = p) classes k, [ are significantly different <= |X; — X > 58 qIn-1
gk, studentized range (in tables)

e two factor ANOVA

X171)1,...,X171)p'\4N(M1)1,02) ind. X172 1y- X1 27pNN(/L1 2,0 ) ind. X]_7J)]_,...,X1)J7p’\‘N(/,Ll)],o'z) ind.
X271)1,...,X271)p ~ N(M2)1,02) ind. X272)1, X2)27p ~ N(/,LQ)Q, ) ind. X27J)]_,...,X2)J7p ~ N(/Lg)],O’z) ind.
X111, Xrap~N(pra,0?) ind. Xio1,...,Xr12, ~ N(pr2,0?) ind X171, Xr1,0p~N(ur,y,0°%) ind
samples independent, [ -J -p=n
(means)
X11 %Zk Xian  Xip=73 Xi2n Xig =5 X X1k X' =57 Yon Xk
Xon =32 Xoae  Xop=32, Xoo Xog =3 2 Xagk X5t =55 Y Xaw
X;,l sk Xk Xra =530 Xiak Xi1.0= 3 20 X1k (7' = o Yo X1k
XP =5 Zk 1 X X9 =250 Xy X7 =5 20 Xk X =5 Y Xedim

- and interactions
pel=a+ok+ B+ D=0 >80 =0 3, ;7% =0

H()ZOq:Oég:'-':OéIZO
Hy: 81 =032=---=0r=0
Hy:vi=m2="-=7,7=0

(sums of squares)

ST—Zklm(Xklm_X)z Jr=n-1

Sa=2 (X =X JT-p fa=1-1 Sa 5B Sap S
Sp =3 (X7 -X)?-1-p fa=J-1 FA:J;z FB:J;i FAB:fgf Szzf—e
Se = tim Xetm — Xia)>  fe=n—1-J 7o 7o fe ¢
Sap =87 —8Sx—S— 5. fap=(I—-1)(J -1)
Ho:on = =ar =0rejected <= Fu>Fr, ;.(1—a)
Ho: 01 =---=fr =0rejected <= Fp>Fp . (1—a)
Ho: 11 =--=71,0 =0rejected <= Fap>Fr,,r.(1-a)
- without interactions
pei=a+ar+03 >, =0 > ,6=0
H()ZOél:Oég:'-':OéIZO
Ho:pr=02=---=pr=0
ST =3 ki (Xtm — X)z fr=n-1 Sa Sy
Sa=p(Xp — X Jop  fa=1-1 R P T R S
Sp =Y (X7 = X)* I-p  fa=J-1 AT TFTA e
Se =87 —S4—SpB fezn—I—J—Fl ¢ ¢
Ho:on = =ay =0rejected <= Fu>Fr, r.(1—a)

Ho: 01 =---=pr =0rejected <= Fp>Fp . (1—q)



) 27— 1)
- X > \/TstfA,fe(l - a)

(Sheffé method) classes k, [ are significantly different <<= |X;*
. . B B 2(J — 1)
classes k, [ are significantly different <«— |X —X;°| > TSQFJCB-,]‘.@(]‘ —a)
1
5 QIn—I—-J+1

A |XI?_XZA|>ﬁ'
1

(Tukey method) classes k, [ are significantly different
XB _ XB| > .
| Xk 0l T S qrn—I-J+1

classes k, [ are significantly different <=
g, studentized range
Correlation and regression:
e correlation coefficient
(X1, Y1), ., (X, Ya) ~ N(pt, 5) independent, o = (i1, a), 5 = <”1 (’) p= 22
O12 03 \o?o3
e estimator pro o1 Sxy = ﬁ ((Xl - X)(Y1 =Y)+-+ (X, — X) (Y — }7))
S
e estimator pro p r= SX)-(gy’ T = 17;7"2 ~tn_9
n—2
T| > th—2(1-%) a > 2(1 - F(|T]))
...,X]) aY = (Yl,...,YJ)

Hy: p =0 rejected <=
Rxy correlation matrix of random vectors X = (X7,

e multiple correlation X a Y = (Y1,...,Y%)

(maximal correlation X and ¢; - X7 + - - + ¢ - Xk, equality holds if ¢y, ..., ¢x are regression coeflicients)
2 2
"Xy, T X%y, — 2rXniTXv.TVive

2 -1 2 _
Xy = Rxy - Ryy - Ry x, "X, (v1,Y2) = 1_ 12
Y1Y2

2
n—k—1 Xy
B Tl Frn—r—1
—Txy

., Zr) removed
XY —TXz' TYZ

rX)Y.Z =
\/(1 - rgcz)(l - 7’12/2)

e partial correlation X and Y with the effect of Z = (73,
rxy —Rxz R,y Rzy

TX,y.z =
(- Rxz R} Rz x)(1-Ryz R,y Rzy)
_IXYZ ik — 2ty s

/ 2
1- xyvy.z

e linear regression (Yy, =a-x; + b+ ¢;)
Yy~ N(a-x1 +b,0%),...,Y, ~N(a-x, +b,0?) independent
(n—=1)s = (z1 = 2)* + - + (22 — 7) (n=1)S}y = (@1 -D)(Y1 -Y)+--

1
x—g(xl—i—---—i—:vn)
SmY

(‘Tﬂ - E)(H - 17) Ty = \/W
d:nzxkyk_zxkzyk 4= — o RY
ny a2 — (3 xk)? 52 AP

Bzzgcizyk—szzxky’“ b=Y —az
ny xp — (3 an)? 2
Eb)=b D(b)=o? (% + ﬁ)

estimator pro a

estimator pro b

i b : N
LIV S TP (R N it
(= \/52(l+i) "o "o
z n (n—1)s2
Se = Z(dxk - lA) — Yk)2
k

Sr=Y (Yi-Y)’=(n-1)8%  Sgec =)y (az;—b-Y)’
k k



e coefficient of determination ...... R% =
for xg
azo + b E(dxo—l—l;):axo—kb

confidence interval EY (z) for xq

. 1 —
arog+b=axro+bxts ——i—M-
n  (n—1)s2

8

tnoa(l—2)

~—

2

confidence band (Working-Hotelling) EY (z) simultaneous (Sheffé method)

ax—l—b:dx—kl;:ts

prediction interval Y (zg) pro zo

“ 1
ax0+b—dx0+b:|:s\/1—|———|—
n

prediction band EY (z) simultaneous

S0 (1 —
(n-Ds2 2l

- 1
a:zc—l—bzd;v—i—b:l:s\/l—i———i—

e case b=0 (Y, = a-xj + €)

> iYs
>ap

Q>
|

estimator pro a

a—a

> th—1
s

Zx% =nz? + (n—1)52 ZY,f =nY?+ (n—1)Sy

< 5 1/2F27n,1(1—04) Va

5)

2F2 n—l(l —Oé) Vx

52 = ﬁ(ZYf )

Zkak =nzY + (n—1)S,y



Other tests:

e contingency tables

Hy: X, Yindependent

XY 1 S
1| nn nis| M1
r Nr1 Nys| MNr
n.1 ne|l n

e Fisher exact test

Hy: X, Yindependent

e McNemar test

Hy: X, Y have the same distribution

persons |1 2 3 4

N1

2 2
ner — ———— n
D B L
kl

Kl n
Hy rejected <= y? > X%Pl)(sfl)(l —a)

. .. . n11N22
logarithmic interaction d = In ——
ni2n21
nl.!ng.!n.lln.gl

Fisher (likely similarity) probability p =
n!n11!n22!n12!n21!

procedure:

- we list all tables with the same marginal frequencies

- we calculate logarithmic interaction and Fisher probability to all
of them

- @ is sum of all p for which |d| > dy (logarithmic interaction of
original table)

Hyj rejected <= @ < ah

1. question 0 1 1 0
2. question1 0 1 0

n12 = number of answers 01 ny; = number of answers 10 (based on binomial distribution)



1 n S
Hj rejected <— (§> kz_o (Z) < % where s = min(nia, n21), n = n12 + noy

2
N2 — N21

2= (12 — n21)” ~ X3 for m large
ni2 + No1

Hy: rejected < x? > x3(1 — «)

e Cochran Q test (generalization of McNemar test)

Hy: X1,..., X have the same distribution

persons |1 2 e m
. 1 e ny r

1th questl.(rp r(r—1) 3 n2 — (r —1)n?

2nd questipi 0 . N2 k=1 2
Q = m ~ Xr—l

m— Y. s
r-th question) 1 n, k=1
Hy rejected <= Q > x?_,(1 — «)
S1 S2 NN Sm |

e Stuart test (generalization of McNemar test)

Hy: X, Y have the same distribution

X ! r

apk = Ng. + 1 — 20k apr = —(Nag + nux) pro k #1

1 ni ... Nir ni. bk =Nk — N.k
kil=1,...,r=1
Q=b"A""br 2,

Tl Nel... Npr| N
Hy rejected <= Q>x2_;(1-a)

Ny ... Ny| n

e Kolmogorov - Smirnov test (based on comparison sample and hypothetic distribution function)
- for known parameter values
Xi,..., X, independent, the same distribution, ordered X (y,..., X(n)

Hy: X}, has distribution F

0 prox< x(1)
F,(x) = % pPro () < < T(py1)
1 prozy <z
D+ :max{% — F(zg)} D~ = max {F(z@x)) — % D =max(D",D~) =sup{F,(z) — F(x)}

Ho: F, <F rejected <= D' > D/ (1—a) (in tables)

Hy: X}, has distribution F' rejected <= D>Df(1-$%)~ —% In

NI

e Lilliefors test (based on similar principle)
- for normal distribution, unknown parameters are estimated by X, S%

e tests dobré shody
ni,..., N, frequencies, p1, ..., p, probabilities

k=

—

Hy: frequencies correspond to probabilities  rejected <= x? > x%_;(1 — «)

- verification of distribution, we does not know m parameters



Xi1,...,X, independent, the same distribution
Hy: X}, has given distribution
procedure:
- data divided into r classes
- frequences in classes are investigated
- (respectively) unknown parameters are estimated, e.g. X, S%,...
- expected frequences npjy are calculated for all classes
- the classes for which npy, < 5 are associated (total number of classes is denoted again 7)
T
2 (nk — Np,, )2

2
X = ~ Xr—1—m
n
b1 Pk

Hy rejected <= x? > x2_,_,,(1 — )

e equality of variances tests

X113 X1ny ~ N(u1, 2) independent
Xo1,...,Xon, ~ N(uz2,0%) independent

Xr1yoos X1n, ~ N(pz,0?) independent

independent samples, ny +---+n;y=n
Hy: O'%:"-:O'%
e Bartlett test
Ho:  rejected <= Q > x2_;_,,(1 —«)

I
(n—1)lns? kz (nk, — 1) Ins? L 1 J
Q= - =1 ~x?_, where s? = — inl — T s = —7 (
14 (Z __L> P 1S =
I s(I—1) = 1 n—1I

Non-parametric methods:

(for continuous distribution)

e sign test
Xi1,...,X, independent, the same distribution
H() T T=a
procedure:
- put down X; —a,..., X, —a
- Y number of positive differences, U = 2’\//%" ~ N(0,1)
Hy: rejected <= Y <kiorY > ks
= |U[>ul-2)
¢ Wilcoxon one-sample test
Xi1,...,X, independent, the same distribution
Hy : distribution is symmetric about a (F(—z) + F(x) = 1)
procedure:
- order is assigned to absolute values of X; —a,..., X, —a

St —in(n+1)
V& + 120+ 1)

- St = sum of order of positive X, —a, S~ = sum pof order of negative X}, —a, U = ~ N(0,1)

Hy: rejected <= min(S*,57) >
— |U|>u(l- %)
e Wilcoxon two-sample test
Xi,...,X,, independent, the same distribution, Y7,...,Y,, independent, the same distribution, samples inde-
pendent
Hy : X and Y; have the same distribution
procedure:



- order is assigned to values Xi,..., X, Y1,...,Y,
- T1 = sum of orders X}, To = sum of orders Y,
U, — %mn

-Ur=mn+imm+1)—Ty Up=mn+inn+1)-To U= ~ N(0,1)

\/%mn(m—i—n—i—l)
— U] >u(l-

e Spearmann correlation coefficient
(X1,Y1),...,(X,,Y,) independent, the same distribution
Hy : X Yy, independent

procedure:
- values Xi,...,X,, are assigned with orders @1,...,Q,
- values Y7,...,Y,, are assigned with orders R;,..., R,

-7”521—%23(1%—@@)2

Hy: rejected << |rg| >k
= sz 2D
S1= n—1
¢ Kendall correlation coefficient
(X1,Y1),...,(X,,Y,) independent, the same distribution
Hy : X Yy, independent
procedure:
- couples (X, Y;) ascendently ordered acording to Xy, so in order to X (1) < X(g) < -+ < Xy
- denoted by s; a number of Y5, ..., Y¥(,) which are greater than Yy
s2 a number of Y(3),...,Y(,) which are greater than Y,

sp—1 a number of Y(,) which are greater than Y{,,_)

4 1
ST=——— ) s, —1=——% sgn(Qr — Q) - sgn(Ry — R;) (denotation of preceeding test)
n(n—l); n(n—l)kzﬂ
Hy: rejected < |7| >k
3
= |7 > 41;(1 -

5)

e Kruskal - Walis test (one factor ANOVA)

Xi1,...,X1, independent, the same distribution
X21,...,Xsy, independent, the same distribution
X11,...,X1n, independent, the same distribution

samples independent, ny +---4+ny=n
Hy: all distributions are the same
postup:
- values X11,...,X1n,y---,X11,-..,X1n, are assigned by orders
- T1 = sum of orders X, T = sum of orders Xo,..., 77 = sum of orders Xy
12 T,f 9
)= — £ _3 1) ~
Q n(n—i—l);nk (TL+ ) XI1-1
Hp rejected <<=  |Q| >k
Q| > x7_1(1-a)
- Neményi method for nj = p for difference among classes

T, 1 1 1
P, = — difference between classes <= |Ps — P > \/— (— + —) n(n+1)hr—1(a)

s 12 \ny ny



1
|Ps — Py| > qr,00(c) EI(Ip—i— 1)
e Friedmann test (two factor ANOVA for n;, = 1)

X1y, X1
X21,...,Xa 5
X1, X1
independent
Hy: X411, Xop, ..., X have the same distribution
postup:

- in every block (column) values are assigned by orders Ry

2
I J
-Q= JI(1[2+1) > (Zk:l Rkl) —3J(I+1) =~ x7 4
Hp rejected <<=  |Q| >k
QI >x7_1(1-a)

- Neményi method for difference among classes
I

1
R, = Z Ry significant difference between classes <= |Rs — Ri| > ¢m,c0(@) EIJ(J +1)
k=1



